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Abstract 

In this paper, we first establish regularity of the heat flow of biharraonic maps into the 
unit sphere C R^+^ under a smallness condition of renormalized total energy. For the class 
of such solutions to the heat flow of biharmonic maps, we prove the properties of uniqueness, 
convexity of hessian energy, and unique limit at t — oo. We also establish both regularity 
and uniqueness for the class of weak solutions u to the heat flow of biharmonic maps into any 
compact Riemannian manifold N without boundary such that V^u G L^LP for some p > § and 
q > 2 satisfying (|1.13p . 

1 Introduction 

For n > 4 and L > k > 1, let Q C M" be a bounded smooth domain and N C M^^^ be a k- 
dimensional compact Riemannian manifold without boundary. For m > 1, p > 1, the Sobolev 
space VF™'P(Sl,iV) is defined by 

W"'^P{n,N) = {ve W"''P{n,R^+^) : v{x) G N for a.e. x e 0} . 

On W'^''^{Q.,N), there are two second order energy functionals: 

E2{u) = f |Au|2 and F2{u) = [ |(An)^|2, 
Jn Jn 

where (Au)'^ is the tangential component of An to T^N at u, which is also called the tension field 
of u (see [6J). A map u G W^''^{il, N) is called an extrinsic (or intrinsic) biharmonic map, if u is a 
critical point of i?2(") (or F2{-) respectively). It is well known that biharmonic maps are higher-order 
extensions of harmonic maps, which are critical points of the Dirichlet energy Eiiu) = |Vnp 
over Ty^'^(il, A^). Recall that the Euler-Lagrange equation of (extrinsic) biharmonic maps is (see 
Lemma 2.1): 

A^n = AA^i^M := [A{A{u){Vu, Vu)) + 2V • (An, V(P(n))) - (A(P(n)), An)] ± T^A, (1.1) 
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where P{y) : M^"*""^ — )• TyN is the orthogonal projection for y ^ N, and A{y){-, •) = VP(y)(-, •) is 
the second fundamental form oi N at y £ N. Throughout this paper, we use A/']3}j[u] to denote the 
nonlinearity in the right hand side of the biharmonic map equation (jl.ip . 

Motivated by the regularity theory of harmonic maps by Schoen-Uhlenbeck j4lj . Helein |13j . 
Evans [7], Bethuel [2], Lin [26], Riviere [32], and many others, the study of biharmonic maps has 
attracted considerable interest and prompted a large number of interesting works by analysts during 
the last several years. The regularity of biharmonic maps to = - the unit sphere in M^+^ - 
was first studied by Chang- Wang- Yang [1] . Wang \4:3\ I^H H5] extended the main theorems of [1] 
to any compact Riemannian manifold without boundary. It asserts smoothness of biharmonic 
maps when the dimension n = 4, and the partial regularity of stationary biharmonic maps when 
n > 5. Here we mention in passing the interesting works on biharmonic maps by Angelsberg 
[I], Strzelecki [3l], Hong- Wang [IT], Lamm-Riviere [21], Struwe [10], Ku [20], Gastel-Scheven [TO], 
Scheven [Ml [35], Lamm- Wang [25], Moser [281 [29], Gastel-Zorn [H], Hong- Yin [T8], and Gong- 
Lamm- Wang [12]. 

Now we describe the initial and boundary value problem for the heat flow of biharmonic maps. 
For < r < +00, and uo G W'^'^{n,N), a map u G W^^'^in x [0,T],N), i.e. dtu,V^u e L'^{n x 
[0,T]), is called a weak solution of the heat flow of biharmonic maps, if u satisfies in the sense of 
distributions 

' dtu + A^n =J\f]^i^[u] in x (0, T) 

u=uo on (9p(il X [0,r]) (X ^) 

— =— — ondnx[0,T), 

where v denotes the outward unit normal of dVi. Throughout the paper, we denote the parabolic 
boundary of x [0,r] by 6>p(fi x [0,r]) = (f) x {0}) U (90 x (0,r)). 

The formulation of heat flow of biharmonic maps (|1.2p remains unchanged, if is replaced by 
a n-dimensional compact Riemannian manifold M with boundary dM. On the other hand, if O 
is replaced by a n-dimensional compact Riemannian manifold without boundary or a complete, 
non-compact Riemannian manifold without boundary M, then the Cauchy problem of heat flow of 
biharmonic maps is considered. More precisely, if dM = 0, then (jl.2p becomes 

dtu + A\ =A/'i3ij[n] in M X (0, T) 

(1.3) 

u =uq on M X {0}. 

The Cauchy problem (jl.Sp was first studied by Lamm [22], |23] for uq E C°°(M, A^) in dimension 
n = 4, where the existence of a unique, global smooth solution is established under the condition 
that ||^io||iy2,2(^^) is sufficiently small. For any uq G VF^'^(M, A^), the existence of a unique, global 
weak solution of ()1.3p . that is smooth away from finitely many times, has been independently 
proved by Gastel [9j and Wang |46j. We would like to point out that with suitable modifications 
of their proofs, the existence theorem by (9j and |46| can be extended to (|1.2p for any compact 
4-dimensional Rimannian manifold M with boundary dM, if, in additions, the trace of uq on dM 
for Uo G W'^^'^{M,N) satisfies uq\qm G W2^'^{dM,N) (see [14j). Namely, there is a unique, global 
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weak solution u G W^'^(M x [0,oo), A^) of (|1.2p such that (i) E2{u{t)) is monotone decreasing for 
t > 0; and (ii) there exist Tq = < Ti < . . . < Tk < T^+i = +00 such that 

k k 

uef]C'^{Mx{T,,Ti+i),N) and Vn G f| ^"(M x (T,, T^+i), iV), V a G (0, 1). 

i=0 i=0 

For dimensions n > 4, Wang |4'7j estabhshed the weU-posedness of p.3p on M" for any itg : M" — t- 
that has sufficiently small BMO norm. Moser |30j showed the existence of global weak solutions 
u G W2' {^l X [0,oo),iV) to ([L21) on any bounded smooth domain C M" for n < 8 and uq G 

Because of the critical nonlinearity in the equation (jl.2p 1 , the question of regularity and unique- 
ness for weak solutions of (|1.2p is very challenging for dimensions n > 4. There has been very few 
works in this direction. This motivates us to study these issues for the equation ()1.2p in this pa- 
per. Another motivation comes from our recent work |15) on the heat flow of harmonic maps. We 
obtain several interesting results concerning regularity, uniqueness, convexity, and unique limit at 
time infinity of the equation (|1.2p . under a smallness condition of renormalized total energy. 

Before stating the main theorems, we introduce some notations. 

Notations: For 1 < p,q < +00, < T < 00, define the Sobolev space 

W^'\n X [0,T],N) = {v£ L^{[0,T],W^'\n,N)) : dtv G L\[0,T], L^n))^ 
the LfL§-space 

LjLP{n X [0,r],R^+^) = [f:nx[0,T]^ : / G L''([0, T], LP(fi))}, 

and the Morrey space M^^ for < A < n + 4, < i? < 00, and C/ = f/i x [/2 C M" x M: 



K\U) = {/ G Ll^iU) : 



< +00 } , 



where 

1 

^A-n-4 / I f\p\ V 



sup sup / UP 

MP'^{(7) ^ (x,i)eC/0<r<mm{R,d(a;,9;7i),v^} J Pr{x,t) 



and 

Br{x) = {y^W : |y -x| < r}, Pr{x,t) = Br{x) x {t-r^,t\, d{x,dUi) = inf \x - y\. 

Denote Br (or Pr) for 5^(0) (or ^^(0) respectively), and MP'^{U) = M^^{U) for R = oo. We also 
define the weak Morrey space M*' ([/), that is the set of functions f on U such that 

^ ' r>0,(x,t)£U 

where LP'* {Pr{x,t) n U) is the weak L^-space, that is the collection of functions v on Pr{x,t) n U 
such that 



|i^irr„...D /„.^^rM = sup (a^Kz G Pr.(x,t) n [/ : \v{z)\ > a}\\ < +00. 



IP 

lLP.*(P^{a;,t)nC/) 
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If N = := {y € M^"^-^ : \y\ = 1}, then direct calculations yield 

4)h 



Muu[u\ = -(I An|2 + A(|Vn|2) + 2(Vn, VAn))n, 



so that for the heat flow of biharmonic maps to S^, (1121) 1 can be written into 

dtu + A^u = -(I Aup + A(|Vup) + 2{Vu, VAu))u. (1.4) 
The first theorem concerns the regularity of (jl.4p . 

Q 12/ 

Theorem 1.1 For § < p < 2 and < T < +oo, i/iere exists ep > such that if u £ VFg' (17 x 
[0,T],S-^) is a weak solution of (f i.^D and satisfies that, for zq = (a;o,to) G x (0,T] and < i?o < 
i min{d(xo, dVL), y/t^}, 

II^'^IIa<^(p«o(-o)) + II^*«IIm-^''(p,„(.o)) ^ (1-5) 



t/ien n G (^P^ (zq), S^) , and 



V'"n(zo) < V m > 1. (1.6) 



Remark 1.2 is an open question whether Theorem \l.l\ holds for any compact Riemannian man- 
ifold N without boundary (with p = 2). 

Utilizing Theorem ll.lt we obtain the following uniqueness theorem. 

Theorem 1.3 For n > 4 and | < p < 2, there exist eo = eo(j') n) > and Rq = Ro{^, eo) > such 
that ifui,U2 G W^' {^l x [0,r],S^) are weak solutions of U.^) . with the same initial and boundary 
value uq G VF^'^($7, S-^), that satisfy 



max 

1=1,2 L 



IV^n,; 



'«llMP'2P(nx(0,T)) + ll^t'"*llMP'^f{Qx(0,T))J -^0, (1-7) 



then ui = U2 on Q x [0,T]. 



There are two main ingredients in the proof of Theorem 11.31 

(i) The interior regularity of m {i = 1,2): m G C°°(0 x (0,r),§^) and 

g»|V'»„,|(..*)<.o(^ + ;;;^ + ^) (1.8) 

for any (x, t) G $7 x (0, T) and m > 1. 

(ii) The energy method, with suitable applications of the Poincare inequality and the second order 
Hardy inequality in Lemma |3. II below. 

Remark 1.4 (i) We would like to point out that a novel feature of Theorem \1.3\ is that the solutions 
may have singularities at the parabolic boundary dp{Q x [0, T]) so that the standard argument to 



4 



prove uniqueness for classical solutions is not applicable. 

(ii) For Q = M", if the initial data uq : M" — )• satisfies that for some Rq > 0, 



sup |r^-" / I V^uoP : x eW',r < Rq] < eg, 



then by the local well-posedness theorem of Wang J^7| / there exists < ro(~ -Rq) and a solution 
u G C"^(]R" X {Q,Tq),N) of that satisfies the condition (TT^). 



Prompted by the ideas of proof of Theorem 11.31 we obtain the convexity property of the £'2- 
energy along the heat flow of biharmonic maps to S^. 

Theorem 1.5 For n > 4, | < p < 2, and 1 < T < 00, there exist eo = eo{p,n) > 0, Rq = 
Ro{Q,,eo) > 0, and < Tq = To(eo) < T such that if u £ T4^2^'^(il x [0, T],S^) is a weak solution of 
111.^) . with the initial and boundary value uq G VF^'^(r2, S^), satisfying 

ll^^^llAfg;2f(Qx(0,T)) + ll^*'"llAf^'*P(Qx(0,r)) - ^0, (1-9) 

then 

(i) E2{u{t)) is monotone decreasing for t > Tq; and 

(ii) for any t2 > ti > To, 

[ \VHuiti) - u{t2))\^ < C\ [ |An(ti)|2- [ \Au{t2)\^] (1.10) 

for some C = C{n, eo) > 0. 

A direct consequence of the convexity property of £'2-energy is the unique hmit at i = 00 of 

Corollary 1.6 For n > 4 and | < p < 2, there exist eo = eo(p, n) > 0, and Rq = RQ{^},eQ) > 
such that if u £ Wl'^{Vl x [0,oo),S^) is a weak solution of with the initial and boundary 

value Uq G l^^'^(r2, S^), satisfying the condition M.9\) . then there exists a biharmonic map Uoo G 

ov ou 

lim \\u{t) - Uoo\\w^,2fQ) = 0, (1.11) 

and, for any compact subset K CC ^ and m>l, 

Ymi\\u{t) - UooWc^iK) = ^- (1-12) 

Remark 1.7 (i) We would like to remark that if Theorem li.il has been proved for any compact 
Riemannian manifold N without boundary, then Theorem \1.3\ Theorem \1.5\ and Corollary li.61 
would be true for any compact Riemannian manifold N without boundary. 

(ii) With slight modifications of the proofs. Theorem li.il Theorem li.3l Theorem li.5l and Corollary 
li.gl remain to be true, if Q. is replaced by a compact Riemannian manifold M with boundary dM. 



5 



(iii) IfQ is replaced by a compact or complete, non-compact Riemannian manifold M with dM = 
then Theorem M.li Theorem I j . 31 Theorem I j . 51 and Corollary \1.6\ remain to be true for the Cauchy 
problem il.S]) . In fact, the proof is slightly simpler than the one here, since we don't need to use 
the Hardy inequalities. 

(iv) Schoen ]36^ proved the convexity of Dirichlet energy for harmonic maps into N with nonpositive 
sectional curvature. The convexity for harmonic maps into any compact manifold N with small 
renormalized energy was proved by flSf . In ^3 below, we will show the convexity for biharmonic 
maps with small renormalized E2-energy. Theorem \1.5\ seems to be the first convexity result for the 
heat flow of biharmonic maps. 

(v) In general, it is a difficult question to ask whether the unique limit at t = oo holds for geometric 
evolution equations. Simon in his celebrated work 138] showed the unique limit at t = oo for smooth 
solutions to the heat flow of harmonic maps into a real analytic manifold (N,h). Corollary \1.6\ 
seems to be first result on the unique limit at time infinity for the heat flow of biharmonic maps. 

Now we consider a class of weak solutions of (|1.2p that satisfy the smallness condition (|1.9p . It 
consists of ah weak solutions u G W^'^{n x [0, T],N) of ([121) such that V^u G LfLg(J] x [0, T]) for 
some p > ^ and q < co satisfying 

n 4 , , 

- + - = 2. 1.13 

p q 

We usually call (I1.13j) as Serrin's condition (see ^7]). In §5, we will prove that if u is a weak 
solution of such that V^-u G LlL%{Q. x [0,T]) for some p > f and q> 2, satisfying (jl.lSp and 
uq G W"^'"^ {Q., N) for some r > ^, then u satisfies (|1.9p for some pq > |. Thus, for = the 
regularity and uniqueness for such solutions of (11.2p follow from Theorem 11.11 and Theorem 11.31 
However, for a compact Riemannian manifold without boundary, the regularity and uniqueness 
for such a class of weak solutions of (|1.2p require different arguments. More precisely, we have 

Theorem 1.8 For n > 4 and < T < oo, let ui,U2 G VF2^'^(ri x [0,T],N) be weak solutions of 
f fi.gp . with the same initial and boundary value uq G W'^''^{Q, N). If, in additions, V^ni,V^ti2 G 
LjLl{n X [0,r]) for some p > | and q < oo satisfying HH^) . then ui,U2 G C°°(0 x (0,r),iV), 
and ui = U2 in Q x [0, T] . 

Remark 1.9 (i) It is a very interesting question to ask whether Theorem \1.8\ holds for the end- 
point case p = § and q = oo. 

(ii) If ^ iy^'''(0, A^) for some r > ^, then the local existence of solutions u of hl.S\) such that 
V^n G L^Lx{^ X [0,T]) for some p > ^ and q < oo satisfying il.l3\) can be shown by the fixed 
point argument similar to 18] §^. We leave it to interested readers. 

For dimension n = 4, by applying Theorem 15.21 (with p = 2 (= ^) and q = oo) and the second 
half of the proof of Theorem II. 3 1 we obtain the following uniqueness result. 

Corollary 1.10 For n = 4 and < T < oo, there exists ei > such that if ui and U2 G W2^'^($7 x 
[0,T],N) are weak solutions of under the same initial and boundary value uq G W'^''^{Q.,N), 
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satisfying 

limsuvE2{ui{t)) < E2{ui{to)) + ei, V to G [0,r), (1.14) 

for i = 1,2. Then ui = U2 in Q x [0,T). In particular, the uniqueness holds among weak solutions 
of il.2\) . whose E2- energy is monotone decreasing for t > 0. 



We would like to point out that for the Cauchy problem (I1.3P of heat flow of biharmonic maps 
on a compact 4-dimensional Riemannian manifold M without boundary, Corollary 11.101 has been 
recently proven by Rupflin [33] through a different argument. 

Concerning the convexity and unique limit of (ll.2p at t = 00 in dimension n = 4, we have 



Corollary 1.11 For n = 4, there exist €2 > and Ti > such that if u e VF2'^(il x (0, +oo),iV) 
is a weak solution of il.S^) . with the initial-boundary value uq G W'^''^{Q,, N), satisfying 

E2{u{t)) <el, V t > 0, (1.15) 

then (i) E2{u{t)) is monotone decreasing for t > Ti; 
(ii) for t2 > ti > T2, it holds 

\V\u{ti) - n(t2))P < C (i?2(n(ti)) - E2{u{t2))) 

for some C = C{e2) > 0; and 

(Hi) there exists a biharmonic map u^o G C°° n W'^''^{Q,, N), with (uoo, ~q~') ~ (^0; -q — ) on d^, 
such that lim \\u{t) — Uoo\\w^''^(n) = 0; '^''^^ for any m > 1, K CC ^l, lim \\u{t) — Uoo\\c™-(k) = 0- 

It is easy to see that the condition (jl.lSp holds for any solution u G W\''^(^ x [0, 00), N) of (jl.2p 
that satisfies E2{u{t)) < £2(^0) for t > (e.g., the solution by [9] and 06]) and £"2(^0) < ei- 

The paper is written as follows. In §2, we will prove the e-regularity Theorem 11.11 for weak 
solutions of (|1.2p under the assumption (jl.Sp . In §3, we will show both convexity and uniqueness 
property for biharmonic maps with small £'2-energy. In §4, we will prove the uniqueness Theorem 
11.31 the convexity Theorem 11.51 and the unique limit Theorem 11.61 In §5, we will discuss weak 
solutions u of ([O]) such that V^u € LIlFx{Q. x [0,r]) for some p > § and g > 2 satisfying (fTTSl) . 
and prove Theorem 11.81 Corollary ll.lOl and Corollary 11.111 In §6 Appendix, we will sketch a proof 
for higher-order regularities of the heat flow of biharmonic maps. 



2 e-regularity 

This section is devoted to the proof of Theorem 11. H i.e., the regularity of heat flow of biharmonic 
maps to under the smallness condition (jl.Sp . The idea is motivated by [1] on the regularity of 
stationary biharmonic maps to . 

The first step is to rewrite (II. 4p into the form where nonlinear terms are of divergence structures, 
analogous to [1] on the equation of biharmonic maps to As in 15, we divide the nonlinearities 
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in (jl.4p into four different types: for 1 < a < L + 1, 

Tfi = (u'^Au'^iu^ - c")')^ or (u^Au''{u^ - c^)) . , T^^ = ((^/° - nu^u^j). , 
T^, = A ((n" - n\Vuf) ,T22 = A ((n^ - c'^)An^) , 

(2-1) 

Ta^g = A (u'^iuf^ - c'^)Au^^ or A (n''(n^ - c'')An") , 

where the upper index a, (3 denotes the component of a vector, the lower index z, j denotes the 
differentiation in the direction Xj, Xj, c" G is a constant, and the Einstein convention of 

summation is used. 

Lemma 2.1 The equation is equivalent to 

dtu'^ + AV = J-,(T{\, rf2, Ta^i, T22, r2"3, T33, T^i), 1 < a < L + 1, (2.2) 

where Fa denotes a linear function of its arguments such that the coefficients can he hounded 
independent of u. 

Proof. We follow [4J Proposition 1.2 closely. First, by Lemma 1.3 of [1], we have that, for every 
fixed a, 

c"A(|Vn|2) and (uJ|Vnp)^. are linear functions of Tf^ , Tfa , Tg^i , , Ta^g , Tag , (2.3) 
whose coefficients can be bounded independent of u. For 1 < a < L + 1, set 

= n"|An|2, = lu^u^ (^Au^^ . , = n"A (|Vup) . (2.4) 

Differentiation of \u\ = 1 gives 

u'^u] = 0, u'^Au' + |Vn|2 = 0. (2.5) 

By the equation (jl.2p . we have 

u" A^u^ + u'^dtuf^ = u^A^u'^ + uf^dtu'', 1 < a, /? < L + 1. (2.6) 
It follows from ([23]) and that 

^ =u"u^iAu% = {u"{An% - {Au^)^ 

=u^ (u''{Au^)j - -u^ (Au")^. - u^An^ + n^An") + (^-u^Au^ - -u^An") 
= { (u^ - c^) (M°(An'')j- - (Au")^. - u^^Am'^ + M^An°) } 

+ (u>^ - c^) (u'^dtu'^ - u^dtu'^^ + -uf (u'^Au^ - -uf A-u") (2.7) 
= I _ (n^An'^ - n^^x") } . . - {nf (n"An^ - n'^A^x") } 

- 2 { (n^ - c'^) (u^^An'' - uJAu") } , + (u'^Au^ - Au") + T^^ 
= - {txf (n^Atx'^ - n^Au^) ]^ + (u^Au^ - An") + (Tf^ , r2-i , r2-3 , ) , 
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where Ga is a linear function of its arguments whose coefficients can be bounded independent of 
u. By (USD and ([23]), we have 



5f = {u" - c°) A (|Vn|2) + c"A {\Vuf) 

=A ((n" - c") iVup) - 2 (u'^ilVuf). - Au'^u^Au^ + c"A {\Vu\^) (2.8) 

where Ha is a hnear function of its arguments whose coefficients can be bounded independent of 
u. By (12. Sp . the definition of S'f , and (12. 7p . we have 

+ = fn°An^ - n^A^z") An^ + (T" , , , , T^^a , Tgi ) , 



u'^Au^ - u^Au'^) + -Ha (T^i , T^2 , T^i , ^22 , T^s ,^31), 



(2i 



'-'2 '-'2 



I r ( T^OL rpa rriQ rri rriOL rri rjia \ 

2 2 +-^"'^-'ll'^12'-'21)-'22,^23;^33,-t4lJ) 

where La is a hnear function of its arguments whose coefficients can be bounded independent of u. 
Therefore we obtain 

5Q I Qa I ca r /'rria rpa rpa rp rpa rp rjia \ 

1 +'-'2 +'-'3 — -f^oUlli -^12' -^21' -^22, -^23' -'33; J4lJ- 

This completes the proof. □ 

Next we recall some basic properties of the heat kernel for A^ in M", and the definition of Riesz 
potentials on M"~^^, and the definition of BMO space and John-Nirenberg's inequality (see |19j). 
Let b(x, t) be the fundamental solution of 

{dt + A'^)v = in M'[+^ 

Then we have (see [21] §2.2): 

b{x,t) = t-ig (^) , with 5(0 = (2vr)-t / e^^""'^!*, ^ e M", 



and the estimate 



1 \ —n—m 

V"'b{x,t) <C {\t\i + \x\) , y {x,t) m>l. (2.10) 



We equip M""*"^ with the parabolic distance 6: 

6{{x,t),{y,s)) = \t-s\-i +\x-y\, {x,t), {y,s)eW+\ 
For < a < n + 4, define the Riesz potential of order a on (M"^"'^, 6) by 

lM){x,t)= f (|t -s|3 + |x-2/|)"~"^' 1/1(2/, s), (2.11) 
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For any open set U C M""*"^, let BM.O{U) denote the space of functions of bounded mean oscillations: 
/ G BMO{U) if 

[/]bM0(1/) -sup{-£ ^ |/-/p.(.)|: Pr{z)cu]<+^, (2.12) 



where 



T ~ . , . . / and fp^iz) = -[ f denotes the average of / over Pr{z). By the 

JPr{z) \Pr{z)\ Jp,.(z) JPriz) 

celebrated John-Nirenberg inequality (see ll9j), we have that if / € BMO(C/), then for any 1 < q < 
+00 it holds 



sup 



Pr(z) C U 



}<C{q)[f 



BMO(U) 

Now we are ready to prove the e-regularity for the heat flow of biharmonic maps to S^. 



(2.13) 



Proposition 2.2 For any | < p < 2, there exists Cp > such that i/ u : P4 — t- is a weak 
solution of 1^1. 4\) oind satisfies 



sup r 

(a;,t)eP3,0<r<l 



2p-n-4 



I + r^P\dtu\P) <el, 

JPr{x,t) 



then u E C°°(Pi,S^), and 



CO (Pi) 
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< C{p,n,m), V m > 1. 



(2.14) 



(2.15) 



Proof. We first establish Holder continuity of n in Ps . It is based on the decay estimate. 
Claim. There exist ep > and 6q G (0, 2) such that 

1 



u 



< 



BMO(Pe(,) 2 



BMO(P2) 



(2.16) 



In order to establish ()2.16p . we first want to prove that there exists q > 1 such that 



/ |n-np,,.(,,)|<c(0-("+% + ^) (/ 



Pr(zo) 



(2.17) 



holds for any < 6* < i, G Pi, and < r < 2. 

By translation and scaling, it suffices to show (j2.17p for zq = (0, 0) and r = 2. First, we need 
to extend u from Pi to R"+^. Let the extension, still denoted by u, be such that 



lul < 2 in 



pn+l 



li = outisde P2, 



and 



f \v^u\p + \dtu\p < [ \v\\p + \dtu\- 

Jr"+^ J P2 



For 1 < a < L + 1, let w% : M"+^ ^ M be solutions of 



dtwfj + A2<. = T^. in wfj = on R" X {0} 



(2.18) 
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for ij E {11, 12, 21, 23, 41}, and and Wkk ■ ^ M be solutions of 

dtwkk + ^^Wkk = Tkk in Wkk = on x {0} 

for k € {2, 3}. Define v : Pi ^ M^+^ by letting 

V"' = U" - Ta{wf-i^,w"2,W2i,W22,W23,W33,w2i), 1 < a < L + 1. 

Here J- a is the linear function given by Lemma |2.1[ By (|2.2p . we have 

dtv + A'^v = in Pi. 
It follows from (|2.19p and the Duhamel formula that for 1 < a < L + 1 , 

= /rxM bix -y,t- s)T^^{y,s), ij G {11,12,21,23,41}, 
Wkk{x,t) = /iR,nx[o,t] ^(^ -y,t- s)Tkkiy,s), k E {2,3}. 



(2.19) 



(2.20) 



(2.21) 



Set c" = Up^ in ()2.ip . Then it is easy to see |c"| < 1. Now we can estimate by {wf-^ can be 
estimated similarly): 



\wf2{x,t)\ 



R"x[0,t] 



\u - up^\\Vu\\V'^u\{y,s) 



< [ (\t-s\-^+\x-y\) " MV7.,MV72. 

^^3 (xPah - UP2\\Vu\\V^u\) {x,t), 



(2.22) 



where is the characteristic function of P2- 

By the estimate of Riesz potentials in L'^-spaces (see also §5 below), we have that for any / G L'^, 
1 < q < +00, laif) S L^, where 1 = | — As p > |, we can check that for sufficiently large 
qi > 1, there exists qi > 1 such that 

1111 3 



qi p 2p qi n + 4 



Hence we obtain 





< c 


U — Up^ 




Vu 


L2P(P2) 




< Cep 


U — Up^ 


Ln{P2) 




Li^{P2) 






LP{P2) 





Ln{P2) 



(2.23) 



Next we can estimate 'W21 by {W22 and 1023 can be estimated similarly): 



\w2i{x,t)\ 



R"x[0,t] 



Abix-y,t-s){u''-u%)\VuWy,s) 



< 



n + l 



t — s\t +\x — y\ 



-n-2 



\u — up2 1 \Vu\^{y, s) 



(2.24) 



<h {xP2\u - up2\\yu\^) {x,t) 
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For 92 > 1 sufficiently large, there exists > 1 be sucfi tfiat 

111 2 

— = - + — 



92 P q2 n + 4 



Hence we obtain 



For ^33, we have 



< C 



L92(P2) 



\w^z{x,t)\ 



U — Up^ 



\Vu\' 



LP{P2) 



< Cep 



U — Up^ 



L12{P2 



/ Abj{x-y,t- s){ul^ -u1, )u'^Ay,s] 

^M"x[0,t] 



< ' (\t- s\* + \x 

ln + 1 



-n— 3 



y|) \u-up^\\Vu\{y,s) 

{XP2W - up^W'^ul) . 
For 93 > 1 sufficiently large, there exists 93 > 1 such that 



q3 2p qs n + A 



Hence we obtain 
For wli, we have 



L93(P2) 



< c 



u — Up^ 



L13(P2) 



< Ce 



U — MP2 



L93(P2) 



By the Duhamel formular, we have 



*) = E - * - (^"^t^'^ - n^dtu"") (u^ - u^p^) {y, s), 



so that by applying the Young inequality we obtain 



(2.25) 



(2.26) 



(2.27) 
(2.28) 



P41 11^94 (ffinx [0,2]) 



< 



>IIli(M"x[o,2]) E - u^dtu''){u^ - u^p;, 

^ l|5t^i||Lf(P2)ll"-^iP2l|LM(P2), 



L94 (K'»x[0,2]) 



(2.29) 



where ^4 > and 1 < ^4 < p satisfy 



1 _ 1 1 
94 P 94' 



Set 



g = max {gi, 52, 93, 94} > 1 and q = min {gi, 52, 93, 94} > 1- 
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By (1223]), (f2:25D . (12:2711 and (H^H]), we have 

l<a<L+l 3 



ii=ll, 12,21, 23,41 



k=2 



U — 



L1{P2) 



(2.30) 



On the other hand, by the standard estimate on v, we have that for any < 9 < 1, 



1 







Iv-vp.l'^y < C9 


U — Up^ 







L1{P2) 



(2.31) 



Adding ()2.30p and (|2.3ip together and applying the Holder inequality, we obtain 



\u -upA < 



u - up. 



1 



\u — Up^ I 



(2.32) 



This implies (pTT]) . 

Now we indicate how ()2.16p follows from (I2.17p . It follows from the Poincare inequality and 
([2T1]1 that u e BM0(P3), and hence by (1233]) we have 



(2.33) 



\u- upt, (zr,)\ < C (e ^"^''^ep + t/l u 
iPeAz,) V P ; L Jbmo(P2) 

holds for any < ^ < ^, G Pi, and < r < 1. Taking supremum of (I2.33P over all zq G Pq and 
< r < 1, we obtain 

(2.34) 



Cp + 



J BMO(P, 

If we choose = 0o £ (0, ^) and small enough so that 



u 



BMO(P2) 



'(n+4) 



+ ^0 



1 



then (]23D implies (1^1^ . 

It is standard that iterating (|2.16p yields the Holder continuity of u by using the Campanato 
theory [3]. The higher-order regularity then follows from the hole- filling type argument and the 
bootstrap argument, which will be sketched in Proposition 6.1 of §6 Appendix. After this, we have 
that u G C°°(Pi,§-^) and the estimate (l235l) holds. □ 

2 

Proof of Theorem 11.11 By the definition of Morrey spaces, for zq = (xo,to) G x (0,T) and 
Rq ^\ min{(i(xo, dO), \/to}> 'we have 



sup 

zePfl(j (^o), r< 



^2p-(n+4) 



[ {\V\\P + r^P\dtu\P) < eP. 

JPr(z) 



(2.35) 



Consider v{x, t) = u{xq + ^x, to + ("§^)^0 '■ Pi ~^ ■ It is easy to check that is a weak solution of 
(fOP and satisfies (l2Tl]l . Hence Proposition 2.2 implies that v G C°°(Pi,S^) and satisfies (|2T5]) . 
After rescaling, we see that n G {P r^{zq) and the estimate ([13]) holds. □ 

16 

Since biharmonic maps are steady solutions of the heat flow of biharmonic maps, as a direct 
consequence of Theorem ll.il we have the following e-regularity for biharmonic maps to 
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Corollary 2.3 For | < p < 2, there exist > and tq > such that if u £ VF^'P(r2, S-^) is a weak 
solution of M.l\l and satisfies 



then u G C°°(0,§^), and 



sup sup r^P-" / |v2n|P < e^, (2.36) 

2:eO 0<r<min{ro,d(x,9C)} J Br{x) 



|V™n(x)|<Cep(4 + l^;^7^)' V m > 1. (2.37) 



Remark 2.4 For p = 2, Corollaru \2. ^ waa /irsi proved by Chang-Wang-Yang For biharmonic 
maps into any compact Riemannian manifold N without boundary, Corollary \2.3\ was proved by 
forp = 2. 



3 Convexity and uniqueness of biharmonic maps 

We will show the convexity and uniqueness properties for biharmonic maps with small energy, 
which are the second-order extensions of the theorems on harmonic maps with small energy by 
Struwe [39], Moser [27], and Huang- Wang [T5] . 

Consider the Dirichlet problem for a biharmonic map u G W'^''^{Q, N): 

A^u =J\f]^i^[u\ in Q 
du\ ( duo\ „„ 



where uq G W'^''^{Q, N) is given. 

We recall the second order Hardy inequality. 

2 2 

Lemma 3.1 There is C > depending only on n and such that if f £ Wq' (Q), then 

|2 



Proof. For simplicity, we indicate a proof for the case Q = Bi - the unit ball in M". The readers 
can refer to [5j for a proof of general domains. By approximation, we may assume / G C^{Bi). 
Writing the left hand side of (|3.2|) in spherical coordinates, integrating over Bi, and using the 
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Holder inequality, we obtain 

|2 



= - f I (2//rr"-^ + \f\\n - l)r^-') dH--\e)dr 

Jo j§"-i ~ ^) 



n-l 



\f{x)\\Vf{x)\ 



(3.3) 



<C 



<C 



y ( r |v/(x 
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Thus, by using the first-order Hardy inequality, we obtain 

|2 r \Y7-eir^\\2 



This yields □ 

Now we introduce the Morrey spaces in M". For 1 < / < +00, < A < n, and < i? < +00, 
/ G M^^{a) if / e L\^^{^) satisfies 



sup |r^-" / l/l'l < +00. 

in\R,d{x,dQ.)} ^ J Br(x) ^ 



M'-'m '■= 



We have the convexity property of biharmonic maps with small energy. 

Theorem 3.2 For n > 4, 5 ^ (O;!)? o,''^d | < p < 2, there exist ep = e{p,S) > and Rp = 

R{p,S) > such that if u £ W'^''^{Q, N) is a biharmonic map satisfying either 

(i) II V^^lljv/2,4|-f^-| < £2; when N is a compact Riemannian manifold without boundary, or 

(a) II V^u||j^^p,2p/^s < ep, when N = S^, 
then 

[ \Av\'^ > [ |An|2 + (l-5) [ \\/^{v-u)\'^ (3.5) 
Jn Jn Jn 

u, — I = ( u, — I on dQ. 
ov J \ ou J 

Proof. First, it follows from Corollary 2.3 for = S-^ or Wang [45] that if > is sufficiently 
small then u G C°°{n,N), and 

|V'"m(2;)| < Ce„ ( + , , J , V x G 17, V m > 1. (3.6) 
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For y G A^, let P'^{y) : — )• (TyN)-^ denote the orthogonal projection from M-^+^ to the normal 
space of at y. Since is compact, a simple geometric argument implies that there exists C > 
depending on such that 

P^{y){z-y)\<C\z-y\\yzeN. (3.7) 

Since 

it follows from ()3.7p that multiplying (jl.ip by {u — v) and integrating over Q yields 

/ An • A(n - v) = / M\yi^[u] ■ {u- v) 
Jn Jn 

< f [iVuPlV^nl + iV^uP + iVnllV^'ullIu - 



n 



I |2 I |2 

\u — v\ \u — v\ 



el + 



f7 



< 6p / \V'{u-vr, (3.8) 

where we choose Rp > e^, apply (13. 6p and the Poincare inequality and the Hardy inequality (13. 2p 
during the last two steps. 
It follows from (13.81) that 



[ |At;|2- f |An|2- /" \/\u - /\v\^ = 2 f Au ■ A{v - u) > -Ccp [ \V^{u-v)\^. (3.9) 
Jf2 Jn Jn Jn 

Since (u — w ) G W(^'^($7), we have that 

\Au-Av\^= [ \V\u-v)\\ 
Jn 



so that 



\Av\^- I \Au\^ > (l-Ccp) I W^lu-vY^ 



m Jn Jn 

This yields ()3.5p . if ep > is chosen so that Cep < 5. □ 

Corollary 3.3 For n > 2 and | < p < 2, there exist ep > and Rp > such that if ui,U2 G 



W ' {^1,, N) are biharmonic maps, with ni — U2 G Wq' (0,M^ ), satisfying either 

(i) max ||V^Wi||j^/j2,4(Q) < £2; w/ien N is a compact Riemannian manifold without boundary, or 

(a) max ||V^tii|| .jp,2pfc>\ ^ e„, when N = , 
i=l,2 ^"Rp V"; 

then ui = U2 in Q. 



Proof. Choose 6 = ^, apply Theorem 13.21 to ui and U2 by choosing sufficiently small ep > and 

/ \Au2\^> [ |Anip + l / \V\u2-ui)\^ 
Jn Jn ^ Jn 



Rp> 0. We have 
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and 



[ |Ani|2> [ \Au2\^ + l [ \V\u,-n2)\^. 

Adding these two inequalities together yields / |V^(ni — n2)P = 0. This, combined with U1 — U2 S 

Jn 



Wq' (il), implies ui = U2 in il. 



□ 



4 Uniqueness and convexity of heat flow of biharmonic maps 



This section is devoted to the proof of uniqueness, convexity, and unique limit at t = 00 for (|1.2 
of the heat flow of biharmonic maps, i.e. Theorem II. 3t Theorem 11.51 and Corollary 11.61 

Proof of TheoremlTSl First, by TheoremO we have that for i = 1, 2, e C°°(J7 x (0, T), S^) 
and 



V'udx.t] 



Set w = ui — U2- Then w satisfies 

dtw + A'^w = Muu[ui] - Muv.[u2] infix (0, T) 



w = 

dw 
du 







on dp{n X (0,T)) 
on X (0,T). 



(4.2) 



Multiplying (j4.2p by w and integrating over J7, by (|3.7p . (j4.ip . the Poincare inequality and the 
Hardy inequality (j3.2p . we obtain that 



+ 2 / iV^wP 



Jn 

< V / (|Vui|2|vV,| + |v\,|2 + |vui||v 



< e 



Jn 



If we choose > sufficiently small and Rp > €p, then it holds 



P / I |2 



(4.3) 



It follows from (1131) that 



dt V ^ 



_1 d /" , ,9 1 _3 /" , , 

< {Ce--)t-l [ < 0. 



(4.4) 
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Integrating this inequality from to t yields 



1 



t 2 / \w\ <limt 2 / \w\^. (4.5) 
In 40+ Jn 



Since w{-,0) = 0, we have 

w{x,t) = [ wt{x,T)dT, a.e. x G fi, 
so that, by the Holder inequality, 







t'2 / \w{x,t)\^<t2 / / \wt\\x,T)dxdT <Ct2 ^0, as t 4,0+. 
Jn Jo Jn 

This, combined with (j4.5p . implies w = in 0, x [0,T]. The proof is complete. □ 
Now we want to prove Theorem 11.51 and Corollarv ll.6[ To do so, we need 

Lemma 4.1 Under the same assumptions as in Theorem \1.5l there exists Tq > such that 
Jq \ dtu{t)\'^ is monotone decreasing for t >Tq: 



[ \dtu\\t2) + C f \V^dtu\'' < [ \dtu\\ti), To<ti<t2< T. 

Jn Jnx[ti,t2] Jn 



Proof. For any sufficiently small h > 0, set 



(4.6) 



, , u(x,t + h) — u(x,t) , , ^ , 
u^{x, t) = ^ (x, t) G X (0, T - /i). 



Then G L'^{[Q,T - /i], W'g '^(17)), dtu G L'^{VL x [0,T - h]), and ^lim \\u^ - 5t'u||i2(f^x[o,T-/.]) = 0. 
Since u satisfies ()1.2p . we obtain 



dtu'^ + = ^ (AAbh[n(t + h)] - AAbh[n(t)]) . (4.7) 

Multiplying ()4.7p by u^, integrating over f], and applying ()3.7p and ()4.ip . we have 



d_ 

di 



f \u^\' + 2 f \l^u'f < [ {\M^i,[uit + h)]\ + \M^^[u{t)]\)\u'^\' 
Jn Jn Jn 

< I {\V\\^ + \Vu\\V\\ + \Vu\^\V\\\){t + h)\u 
Jn 

+ ! (|V\|2 + |Vu||V\| + |Vn|2|v2n||) (t)lu'^l' 
Jn 



Ri d^{x,dn) To 



V 

2„.h\2 



ep [ |V\ 
Jn 

provided that we choose Rp > ep and Tq > ep. Since 

/ = [ |A 

Jn Jn 
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this implies 



dt 



^ I \u^\'' + 2 / |VV|2< i^ + Cep) / |VV|2. (4 



n Jn 



Choosing ep > so that Cep < ^, integrating over To < ti < t2 < T, we have 

/ \u''Wt2) + C r I \V^v!'\^ < I \u^\^{ti). (4.9) 



Sending h ^ 0, (gj]) yields gSD- ° 
Now we can show the monotonicity of £'2-energy for heat flow of biharmonic maps for t >Tq. 

Lemma 4.2 Under the same assumptions as in Theorem \1.5l there is Tq > such that / |Au(t)|^ 

Jn 

is monotone decreasing for t >Tq: 

I |A'u|2(t2) + 2 / \dtu\'^ < [ |An|2(ti), To<ti<t2< T. (4.10) 

Jn Jnx[ti,t2] Jn 

Proof. For 6 > 0, let r]s G C^(J^) be such that 

< 7?5 < 1, rjs = 1 for x£n\n5, and | V^r/^] < CS'"", 

where fi^ = {x G : d{x,dQ) < 6}. Multiplying (jl.2p by St^tf?^ and integrating over Q, x [ti,t2]) 
we obtain 

-1 l2 2 

yM ris 



[ \Au{t2)\W5- [ |An(ti)|\2 + 2 r f \d, 

-A Au-dtu{\Vr]5\'^ + 7]s^V5) -8 An ■ V dtw^sV r,s . 

Jti Jn Jti Jn 



It suffices to show the right hand side of the above identity tends to as 5 — ?• 0^. By Lemma |4.H 
we have that dtu G L'^{[To,T],Wq''^{^})) so that 

/ \Vdtu\^\Vv5\^ + \dtu\mVrjs\' + \Arjs\^) 
ti Jn 

<S-^ r [ \Vdtu\^ + 6-^\dtu\'' (4.12) 



/ ' / \V^dtu\^ ^0, as (5 ^ 0. 
Jti Jng 



This, combined with the Holder inequality, implies that for t2 > ti > Tq, 

t-t-z r rt2 r 

-4 / i An- dtu (|V%|2 + r]sAT]s) - 8 / Au ■ VdtU7]sVr]s ^0, as 5 ^ 0+. 
Jti Jn Jti Jn 

Thus KWh follows. □ 
Proof of Theorem [TSl First, by TheoremO we have that u G C°°(J] x (0,r],S^), and 

V-n(x,t)| < Cep (-^ + ^^^J^^^^ +^yy{x,t)enx (0,r), V m > 1. (4.13) 

19 



For t2 > ti > To, we have 



n 



\Au{t,)\' 



n 



|An(t2)P 



=2 / {Au{ti) - Au{t2)) Au{t2) 
Jn 



\Au{ti) - Au{t2) 



= -2 iuih)-u{t2))utit2) 

Jn 

+ [ AAbhKi2)]-Kti)-^x(t2)) 
Jn 

=1 + //. 
For //, applying (j3.7|) . we obtain 

\^hhHt2)] ■ {u{h) - U{t2))\ < \M^Y,Ht2)]\\uih) - Uit2)\^. 

Hence, by (j4.13p . the Hardy inequahty and the Poincare inequahty, we have 



Hti)-u{t2)Y 



<Cep / \V\u{h)-u{t2))\\ 



For /, by Lemma |4.H we have 



dtu{t2 



< 



1 



H2 



L^n) t2 - h Jt^ Jn 
By the Holder inequality and (|4.1U|) . this implies 



\dtu\' 



\I\ 



< 



\dtuit2)\\uiti) - Uit2)\ 



ll^i'"(*2)|lL2(f^) \\u{ti)-u{t2)\\L2(^n) 



<Vh^i\\dtu{t2)\\L2^n) / \dtu\' 

\Jnx[ti,t2] 



< 



1 



nx[ti,t2] 



\dtu\' < - 



\Au{h)\' 



\Au{t2 



Putting (|4.17p and (|4.15p into ()4.14p implies (jl.lOp . This completes the proof. 



(4.14) 



(4.15) 



(4.16) 



(4.17) 



□ 



Proof of Corollary II. 6i It follows from Lemma 14.21 that / |Au(t)p is monotone decreasing for 

Jn 



t >Tq. Hence 



c= lim / \Au{t)f 
Jn 



exists and is finite. Let {ti} be any increasing sequence such that lim tj = +oo. Then (jl.lOp 

i—^oo 

implies that 



[ V^{u{U+j)-u{ti))\c\ f \AuiU+j)\^- [ \Auiti)\ 
Jn ^Jn Jn 



0, as i — )• oo, 
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for all j > 1. Thus there exists G W^^'^{n,§^), with (u, 



dUr 



u{t) - Uo 



du 
0. 



(^0) -?r^) on dQ, such that 



Since (I4.10p implies that there exists a sequence — )• oo, such that 



lim 



0. 



Thus Uoo G ly ' (r2,S ) is a biharmonic map. For any m > 1, and any compact subset K CC fi, 
since 



-"(t) < C{n,m,K), yt > 1, 



we conclude that 



lim 

t—^oo 



u{t) - Uc 



0, 



and Uoo £ C°°(0,S^). This completes the proof. 



□ 



5 Proof of Theorem 11.81 

In this section, we will prove Theorem 11.81 on both smoothness and uniqueness for certain weak 
solutions of (II. 2p . First, we would like to verify 



Proposition 5.1 For n > 4, < T < +oo, suppose u G W2''^{VL x [0, T], A^) is a weak solution 
of ( fi.g|) . with the initial and boundary value uq G W'^''^{il,N) for some ^ < r < +oo, such that 
V^n G LfLl{M x [0,T]) /or some p > f and q < oo satisfying I11.13\) . Then 

(i) dtu e L^lI{VL X [0,r]); and 

(ii) for any e > 0, there exists R = R{u,e) > such that for any 1 < s < min{|, |}, 
sup|r2^-("+^) / {\V\\' + r^'\dtu\')\ {x,t)enx[0,T], 0<r<R} <e'. (5.1) 

Proof. For simplicity, we will sketch the proof for Q = M". By the Duhamel formula, we have 
that u{x,t) = ui{x,t) + U2{x,t), where 

ui{x,t) = b{x - y,t)uoiy), (5-2) 



(5.3) 



U2ix,t) = / / 6(x - y,t - s)7V]3^[n](y,s) 

Jo JR" 

= I [ b{x-y,t-s)[V ■{V{A{u)iVu,Vu))+2Au-V{Piu)))-Au-A{P{u))]{y,s). 
Jo Jr" 



We proceed with two claims. 

Claim 1. V^u e hf if {W x [0,r]). For ui, we have 



V^ui{x,t)= I V^bix-y,t)V\oiy)- (5.4) 
Jr" 
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Direct calculations, using the property of the kernel function b, yield 



2, 2p <r4(2-7) 

{R"x[0,T]) 



V^uo 



L'-(K") 



(5.5) 



For U2, we have 

V^U2(x,t) 



V^6(x -y,t-s) V{A{u)iVu, Vu)) + 2Au • V(P(n)) 



/* / Vlb{x -y,t- s)Au • A(P(n))(y, s) 
Jo JR" 



Ml + Ms 



(5.6) 



By the Nirenberg interpolation inequality, we have \/u G L^^L^^(]R"' x [0,T]). By the Holder 

3q 3p 

inequality, we then have V{A{u){Vu,Vu)) +2Au-V{P{u))) G ^oc^ O^"" x [0>^])- Hence, by the 
Calderon-Zygmund L^L^-theory, we have 



Ml 



2p 2q 
■-3- r .-T 



< 



Lj (R"x[0,T]) 



V(^(n)(Vn, Vn)) + 2An • V(P(u)) 



2p 2q 

L'^ LJ' (IR"x[0,T]) 



Vn 



<1 + 



L^PL^''(R"x[0,T]) 



LfL9(R"x[0,T]) 



(5.7) 



LPL|{M"x[0,T]) 



For M2, we have 

|M2|(x,t) </i(|V\|2 + |Vn|4)(x,t), (x,t) EM" x [0,r]. 
Recall the following estimate of /i(-) (see, for example, [8] §4): 



hU) 

where S2 > si and r2 > ri satisfy 



< 



L?2L-2(Knx[0,T]) 



/ 



LtiL?{M"x[0,T]) 



n 4 n 4 

— + — <— + — + !. 

ri si r2 S2 

Applying to M2, we see that M2 G hf Lj {W x [0,r]), and 

, 2 

M2 2p 2g < 1 + V^it 

L,"^Lj(R-x[0,T]) L''^L%{W^x[0,T]) 

Combining these estimates of V^ni,Mi, and M2 yields Claim 1. 
Claim 2. G l|l|(M" x [0,r]). It follows from Claim 1 that 



(5.8) 



(5.9) 



(5.10) 



M^yM = [A(^(n)(Vn,Vn)) + 2An- V(P('u))) - Au • A(P('u))] G L^Li{W x [0,T]). 



Since 



V\2{x,t)= [ [ Vlb{x -y,t- s)M^Y^[u]{y,s) 

Jo JR" 
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we can apply the Calderon-Zygmund L^L^-theory again to conclude that V U2 G LJ (R" x [0, T\). 
For ui, we have 

V\iix,t)= [ Vlb{x-y,t)V^uo{y). 
Hence, by direct calculations, we have 



Lf Lj(R"x[0,T]) ~ 



V^no 



Combining these two estimates yields Claim 2. 

By ([L2]), it is easy to see that dtu G LjL|(M" x [0,r]). In fact, we have 



dtu 



l|l|(R"x[0,T]) ^ 



p q 



<i + 



■^bhM - 

2 

LfLl(R"x[0,T]) 



'x[0,T]) 



V^no 



(5.11) 



This implies (i). 

(ii) follows from (i) and the Holder inequality. In fact, for any 1 < s < min{|, |}, it holds 



and 



,2s-(n+4) 



,4s-(7i+4) 



Pr{x,t)r\{Qx[0,T]) 



LfLg(Pr(x,t)n(nx[0,T])) 



\dtu 



1 

S \ s 



Pr{x,t)n{Mx[0,T]) 



< 



dtu 



bfil (Pr(x,i)n{OX [0,T])) 



These two inequalities clearly imply (jS.ip . provided that ii = R{u,e) > is chosen sufficiently 
small. □ 

Now we prove an e-regularity property for certain solutions of ()1.2p . 



Theorem 5.2 There exists eo > such that if u £ W2''^{Pi, N), with V^n G L^Lx{Pi) for some 
q > ^ and p < oo satisfying /il.l3\) . is a weak solution of and satisfies 



< eo, 



then u £ C°°{Pi,N) and 

l|V"^x||co(Pi) < C(m,p,g,n)||V^n||i9^P(P^), V m > 1. 



(5.12) 



(5.13) 



Before proving this theorem, we recall the Serrin type inequalities (see [37]) and Adams' esti- 
mates of Riesz potential between Morrey spaces in (]R"+^, 5). 



Lemma 5.3 Assume p > ^ and q < oo satisfy il.l^) . For any f G L'J.LxiO, x [0,T]), g G 



L'^Wx''^{n X [0,r]), and h G L'fWx'\n x [0,r]), we have 



'r2x[0,T] 



\9\\h\ < 



L2(Qx[o,T])ll5ll^2^^2,2(^^p,T]) ^ \\f\\lp(n)\\9\\LHn)j ' 



(5.14) 
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and 

1 



/nx[0,T] 

Proof. For convenience, we sketch the proof here. By the Holder inequahty, we have 



/ l/llffl|/i|<ll/llLP(n)ll5llL'-(n)l|/i|lL2(n), (5.16) 



where — I — = — . It follows from (11.13I) that 2 < r < Hence by the Sobolev inequality we 

p r 2 " * 



1 1 1 

have 

hWh-in) < 1151112(^^)11511^"^^^^ < Il5ll22(f^)lbll^2.2(f2)- (5-17) 
Putting (fSlTl) into (l5J6]l yields 



2 2re 2 



2 



bll^l < ll/llLP(n)ll5ll22(^)||5ll^2,2(^)||^||L2(n)- (5.18) 
I n 1 

Since — I 1 — = 1, (|5.14p follows by integrating over [0,T] and the Holder inequality. 

q 4p 2 

To see (j5.15p . note that the Holder inequality implies 

\f\N9\\h\ < \\f\\Lnn)\N9\\L^in)\\hL^^^^ (5.19) 

1 1 "-2 , o- 

where — I 1 = 1. bmce 

p s 2n 

1 _ 1 n n 2\ f n\l 
1~ 2^\2~ n) ^ \ ~2^y2' 

the Nirenberg interpolation inequality implies 

2 ri_ 

l|Vg||L-(n) < Il5lll2(f^)||5ll^2,2(n). (5.20) 
Putting (I5.20p into (I5.19P and using the Sobolev inequality, we obtain 

2 _n_ 

\^9\\h\ < ||/||LP{Q)ll5lll2(f,)ll5ll^2,2(f,)l|/i|lw'i>2(Q). (5.21) 
I n 1 

Since — \- - — I — = 1, (j5.15p follows by integration on [0,T] and the Holder inequality. □ 
q 4p 2 

Now we state Adams' estimate for the Riesz potentials on (M"^"'^,(^). Since its proof is exactly 
the same argument as in Huang- Wang ([16] Theorem 3.1), we skip it here. 

Proposition 5.4 (i) For any ^ > 0, < X < n + A, 1< p < ^ , if f e LP(M"+1) n MP'^(M"+1), 
then Ipif) G LP(M"+^) n MP'-^(R"+1), where p = Moreover, 

II-^/3(/)IIlp(R"+i) < (5.22) 
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\\W)\\ <C\\f\\ 



(5.23) 



(ii) For any < (3 < X < n + 4, if f £ L\R"'+^) n M^'^{W+^), then f £ L~'*(IR"+i) n 
M^-"' (M"+i). Moreover, 

||//3(/)|| A < C||/||Mi.A(Mn+i). (5.25) 



Proof of Theorem 15.21 The proof is based on three claims. 
Claim 1. For any < q < 1, we have that V^u G ^^^'^"^"(Pa), and 





< C 












LlLUPi) 



(5.26) 



For any < r < | and zq = (xq, to) S Pa , by (j5.12p we have 



Let V : Pr{zo) M^+i solve 



\\^^u\\LjLUPr{zo)) ^ 



dtv + A'^v=0 inP,(zo) 

V =u on 3pPr-(-Zo) 

du dill 

— =— on 5Pr(xo) X (to - r'^jto]. 



(5.27) 



(5.28) 



Set w = u—v. Multiplying (|5.28p and (|1.2|) by w, subtracting the resulting equations and integrating 
over Pr{zo), we obtain 



72 |2 

^ w\ 



sup / |u;p(t) + 2 / |V^ 

to-ri<t<to J Br(xo) JPr{zo) 
JPr{zo) 

[ -V{A{u){Vu,Vu))Vw - {Au,A{P{u)))w-2{Au,V{P{u)))Vw\ (^-29) 
[ |V\|Vl + f \Vu\\V^u\\Vw\ 

JPrizo) JPr(zo) 



r{zo) 
--I + //. 



For J, we can apply (|5.14p to get 



to 



llV^n 



2„,I|Q 



\LP{Br{xo)) 



lli2(B, 



(^o)) 



(5.30) 
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For //, by (|5.15p . we have 

Putting (j5.30p and (j5.3ip into (|5.29p and applying the Poincare inequality, we obtain 



sup / \wf{t) + 2 / \V'^wf 

to-r'i<t<to JBrixo) JPr{zo) 



Since ||V^ii||^9^P(-p^(^^)-) < e, we obtain, by the Young inequality. 



< < 



/b.(.o)I^I'W + 2/p„(,.,)|V2«;|2 

tQ—r'^<t<tf, 

llv^-lli^(P,,(.o)) + ^ll^^-li;.,f.«„..,J|v-lli,H^..(P.^ 



(5.33) 



By choosing e > sufficiently small, this implies 



/ |V2«;|2<e/ |Vn|2 + |v2^|2 

JPr{zo) JPr{zo) 



(5.34) 



Since is compact and u maps into N, \u\ < Cn- Hence, by the Nirenberg interpolation inequality, 
we have 

I |V^x|2< [ |v2'u|2 + r"+^ (5.35) 



r(zo) JPr(zo) 

Combining (j5.35p with ()5.34p . we have 



(5.36) 



JPrizo) JPr(zo) 

By the standard estimate on we have 

(0r)-" / iV^i-p < 6)^-" / |V2z;|2, V G (0,1). (5.37) 



'Perizo) JPrizo) 

Combining (|5.36p with (|5.37p . we obtain 



" / iV^np <C{e^ + e-'^e) r-" / jV^np + Ce^^V, V ^ G (0, 1). (5.38) 



r{zo) J Pr(zo 

For any < a < 1, choose < < 1 and e such that 

/ 2 

1 I / 1 \ P fl4a+7i 

< _^4a e < min 



2 - IV 2C / 2C 
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Therefore, for any (2:0) ^ Pi ctnd < r < ^ it holds 

4 

J P0r{x,t) JPr{x,t) 

It is standard that iterating (|5.39|) implies 

JPr(zo) \JPl J 



(5.39) 



(5.40) 



for any zo G and < r < i. ([OO]) implies that V^u G M2'4-''°(P3 ), and the estimate (fOG]) 

4 4 

holds. This proves Claim 1. 

C/aim £ For any 1 < /3 < +oo, V^u G L^iP^.), and 

16 

2 





< 











(5.41) 



This can be proven by estimates of Riesz potentials between Morrey spaces. To do so, let r] G 
C^(Pi) be such that 



< r? < 1, 77 = 1 in Ps, Ir/tl + V |V™r/| < C. 

8 — ' 

Let Q : X [-l,oo] M^+i solve 



m=l 



5jQ + A2q = V- (r/2v(A(u)(Vu,Vu)) + 2r/2(Au,V(P(n)))) -7?2(Au,A(P(n))) (5.42) 



0. 



t=-i 



Set 



By the Duhamel formula, we have, for {x,t) G x (— l,oo), 



Ji = V- (r?2v(A(u)(Vu,Vu)) + 2r?2(An,V(P(u)))) and Js = -r?^(Au, A(P(n))). 



V2Q(x,t) 



'x[-l,t] 



V^6(x -y,t- s) ( Ji + J2) (y, s) 



V36(x - y, t - s) 7?2v(^(n)(Vn, Vn)) + 2r]\Au, V(P(n))) (y, s) 



'x[-l,t] 

- / V26(x-y,t-s)r?2(An,A(P(^x)))(y,s) 

jR"x[-l,t] 

=Ki{x,t) + K2{x,t). 
It is clear that for {x,t) G M" x (— l,oo), 

\Ki\{x,t) < Ii{v^{\Vuf + |Vn||v2n|))(x,t), ji^aKx,*) < h^V^NM^ + | Vnj^)) (x, t). 
It follows from (j5.26p and the Nirenberg interpolation inequality that Vtt G M^''^~'^"(P3 ) and 



(5.43) 



Vu 


< 















(5.44) 
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Hence, by the Holder inequality, we have that for any < 01,02 < 1, 



T]'^{\Vuf + \Vu\\V'^u\) G Mi 



,4— 4ai mn+l^ 



and r(|V^ii|^ + \Vu\^) £ M 



1,4— 4a2 {jan+l 



and 



r]WVu\^ + |Vn||V^u| 



< 



< 



M2.4-4<^1 (P3 ) 



(5.45) 



r?2(|V2up + |Vu| 



JV,jl,4-4a2(IRn + l) 



< 



< 



Vu 



M4.4-4«2 (P3 ) 
1 



+ 



^4-2,4-4^2 (P3 ) 



(5.46) 



Now applying Proposition 15.41 we conclude that 



4-4oi 



Ki G M2-3«i'' '"^ nL 2-3-1 



and 



4 — 4ai -\- 



I)n+l^ 



K2 G M, 



2' Pi _^l-2c,2'*/'T»"+l 



2-2a2 , . 



< 



2 



Sending oi f I and 02 t |> we obtain that for any 1 < /3 < +00, Ki,K2 G L'^(M"+^), and 



I|-^i|Il/3(M"+1) + l|-f'^2||L/3(Rn+l) < 



This implies that for any 1 < /3 < +00, V^Q G L^(M"+i), and 

2 



n+l 



< 



(5.47) 



(5.48) 



(5.49) 



Since {u — Q) solves 



(^dt + A^) (u - Q) = in Pi 
it follows that for any 1 < (3 < +00, V^u G L^{P9_)i and 





< 











(5.50) 



This implies (j5.49p . Hence Claim 2 is proven. 



Claim 3. u£ C'^(Pi,N) and (15331) holds. It follows from (IOQI) that for any 1 < /3 < +00, there 

2 

exist /, 5 G L^{P9_) such that (jl.2p can be written as 

16 

{dt + A2)n = V • / + 5. 

Thus, by the L^-theory of higher-order parabolic equations, we conclude that \/^u G L^{Pi7). 

32 

Applying the L^-theory again, we would obtain that dtU^V^u G L^lPaa). Taking derivatives of 
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the equation (ll.2p and repeating this argument, we can conclude that u E C°°iPi^N), and the 

2 

estimate (j5.13p holds. Putting together these three claims completes the proof. □ 

Proof of Theorem 11.81 Let eo > be given by Theorem 15. 2[ Since f > § and q < oo, there 
exists To > such that 

max||v2ui||i9iP(f^x[o,To]) < eo- (5.51) 

1 

This implies that for any xq £ Q, and < to ^ Tq, if Rq = min{(i(xo, Sri), } > 0, then 

max \\V\i\\L,LUPRoi^o)) ^ eo. (5.52) 

Hence by suitable scalings of the estimate of Theorem 15. 2^ we have that for i = 1,2, m E 
C'^{Pro{zo),N) and 

2 

Using (|5.53p . the same proof of Theorem 11.31 implies that ui = n2 in J7 x [0,To]. Repeating this 
argument on the interval [To,T] yields ui = U2 in $7 x [0, T]. □ 

Proof of Corollary ll.lOi Let eo > be given by Theorem [521 Since uq E W'^'^{n,N), by the 
absolute— ,.o,/ I V^„„P.he„ ex.. .„>0 such tha. 



max 



V\oP < ^. (5.54) 



Choosing ei < and applying ()1.14p . we conclude that there exists < to ^ '"o such that 

max / |V\,(t)p<e^, for i = l,2. (5.55) 

a;en,o<t<to JBrg {x)nn 

1 1 

Set Rq = min{ro,to} = Iq > 0. Then (|5.55p implies 

< eo, for i = 1,2. (5.56) 



max 

z={x,t)&nx[o,to] 



LrLl{PR,^{z)ninx[o,to])) 



Hence ui and U2 satisfy (|5.12p of Theorem l5.2l (with p = 2 and q = oo) on Pr{z), for any z E Ox [0, to] 
and r = mm{RQ,d{x,d^l),t^} > 0. Hence by suitable scalings of the estimate of Theorem 15.21 we 
have 



max 

i,2 



for any {x,t) E O x [0,to]. Here we have used Rq > t* in the last inequality. Applying (|5.57p and 
the proof of Theorem 11.31 we can conclude that ui = U2 in x [0,to]. Continuing this argument 
on the interval [to,T] shows ui = ti2 in x [0,T]. □ 
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Proof of Corollary 11.111 Let £2 > be given by Theorem I5.2[ Then (jl.lSp yields 

<e2. 



(5.58) 



L-L2(f2x[0,oo)) 

Hence by suitable scalings of the estimate of Theorem 15.21 we have u E C°°{Q x (O,cxo), A^) and 
there exists Ti > such that 



V'"'u(x,t) 



< £2 



1 



+ ] , V m > 1, 



(5.59) 



holds for all X G n and t >Ti. Now we can apply the same arguments as in the proof of Theorem 
11.51 and Corollary 11.61 to prove the conclusions of Corollary ll.lli □ 



6 Appendix: Higher order regularity 



It is known, at least to experts, that higher order regularity holds for any Holder continuous solution 
to (|1.2p of the heat flow of biharmonic maps . However, we can't find a proof in the literature. For 
the completeness, we will sketch a proof here. 

Proposition 6.1 For < a < 1, if u £ W^' n C°'{P2,N) is a weak solution of lil.^) . then 
u £ C°°(Pi,iV), and 





< 


u 


+ 


u 




CO{Pi) ~ 




C"(P2) 





, V m > 1. 



(6.1) 



Proof. By Claim 2 and Claim 3 in the proof of Theorem 15.21 it suffices to establish that V^n S 
M2'4-4"(P3) for some | < a < 1, and 





< 


u 


+ 








jV/2,4-4a(Pg) ~ 




C"(P2) 







(6.2) 

This will be achieved by the hole-filling type argument. For any fixed zq = (xo,to) ^ and 
< r < i, let (/> G C^(M") be a cut-off function of Br{xo), i.e., 

< (/> < 1, = 1 in Brixo), = outside B2rixo), |V™</>| < Cr"™, V m > 1. 
Set c := -f u £ M^^^. Multiplying ()1.2p by {u — c)<j)'^ and integrating over M", we obtain 

JPrizo) 

^ [ \u- cp,/.4 + 2 [ A{u-c)- A((n - c)</.^) = 2 f Af^^[u] ■ {u - c)</.^ 
< [ |V\|>-c|(/>^+ / \Vu\\V^u\\V{{u - c)(j)'^)\. 
For the second term in the left hand side of (|6.3p . we have 

2 / A{u-c)- A((n - c)(/)^) = 2 f V\u - c) • V^{{u - c)0^) 

JR" JR" 

> 2/ \V\\^-C [ |n-c|2(|vVl' + |V(/)h + 02|V,/.|2|Vn|2. 

J Br{zn) JM" 



(6.3) 



(6.4) 
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Substituting ()6.4p into (j6.3p and integrating over t ^ [to — r'^jto], we obtain 

\U - C|2 + (2-("+4) + C0SCp,^(,„)t. 



/" |V'n|2 < [ 

JPr{zo) Je 



B2r{a;o)x{to-r4} 



|V\|2 



f'2r{20) 



+Cr" (oscp,^(,3)n)' + C [l + (oscp,^(,,)u)2] /" </,2|V 

^P2r(20) 

By integration by parts and the Holder inequality, we have 

|Vn|2 < Cr"2 (oscp2^(^Q)u) / |V\| + Cr" (oscp2^(^(,)n) 

J Por(zn) 



+C I |Vu|V^ 

'P2r(^0) 



(6.5) 



P2r(zo) 



and 
C 



/ ^^\Vu\^ < 2-(«+4) /■ |V\|2 + Cr" (oscp,^(,„)^z)' + C (oscp,^(,„)n)' / 
Putting these two inequalities into ()6.5p and using oscp2^(2q)U < Cr°^, we get 

/ |V\|2 < (2-("+3) +Cr°) /" |V\p + Cr"+2° + C(l + r2°)r"-2 /" |v 



iV^nP. 



-P2r(20) 



(6.6) 



where we have used the following inequality in the last step: 

C(l + r2")r°-2 f |V\| < 2-("+3) f jV^np + 

JP2r(zo) JP2r{zo) 

Choosing r > so small that Cr" < 2~("+^), we see that (|6.6p implies 

r-" / iV^np < i(2r)-" / jV^np + Cr^". 

JPr{zo) 2 J PoAzn') 



n+2a 



(6.7) 



'-P2r(2;o) 



It is clear that iterating (|6.7p implies that there is ao S (0, 1) such that V^u G M^'"^ ^"^(Ps) and 



< 



Af2,4-2ao(p3) 
7 





+ 








C-(P2) 




L\P2) 



(6.8) 



We can apply the estimate (16. 8p and repeat the above argument to show that V^n G M^''^ ^""(Pa) 

2 

and the estimate ()6.8p holds with ao replaced by 2ao- Repeating these argument again and again 
until there exists a £ (|,1) such that V^it € M'^'^~^°' (Ps) and the estimate ([62]) holds. The 
remaining parts of the proof can be done by following the same arguments as in Claim 2 and Claim 
3 of the proof of Theorem 15.21 This completes the proof. □ 
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